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Abstract
The purpose of this paper is to study covariant Poisson structures on
Grn
k
C obtained as quotients by coisotropic subgroups of the standard
Poisson–Lie SU(n). Properties of Poisson quotients allow to describe
Poisson embeddings generalizing those obtained in [Sh3].
1 Introduction
In [Sh3] a family of covariant Poisson structures on complex projective spaces
underlying the Dijkhuizen–Noumi quantization ([DiNo]) was studied from
the point of view of coisotropic subgroups with respect to an affine Poisson
structure on SU(n), providing also a description of the associated Lagrangian
subalgebras and Poisson embeddings of standard odd Poisson spheres in non
standard Poisson projective spaces.
In this paper we plan to extend those results to complex Grassmannians
(their quantum version may be found in [NDS]). The emphasis is laid even
more strongly on the role played by subgroups which are coisotropic with
respect to the standard multiplicative Poisson structure on SU(n).
∗supported by PRIN Azioni di gruppi su varieta´ and GNSAGA.
†supported by the University of Kansas General research Fund allocation #2301 for
FY 2004.
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One reason of interest lies in the fact that every coisotropic subgroup
of a Poisson–Lie group can be quantized in such a way as to fit in a nice
duality diagram ([CG]). Furthermore coisotropic submanifolds have recently
raised a lot of attention in the context of deformation quantization ([CF,
BGHW]) and played a role in the analysis of Poisson sigma–models over
group manifolds ([BZ]).
In the first section we clarify the relation between coisotropic subgroups
of a Poisson–Lie group and coisotropic subgroups of translated affine Pois-
son bivectors. This relates results in [Sh3] with those in the present work,
allowing a natural interpretation from the foliation point of view.
In the second section we describe the family of covariant Poisson struc-
tures on complex Grassmannians under consideration and show how it can
be obtained as quotients by coisotropic subgroups. Such structure was first
introduced in [KhRaRu] under different methods. A specific non standard
Grassmannian was studied, recently, with Lie group methods by Foth and
Lu (see [Flu]).
Finally in the last section we describe a general procedure allowing to
determine Poisson embeddings of G–spaces. Applying it to projective spaces
we show how it recovers the whole symplectic foliation in the standard case
and the Poisson embeddings of [Sh3] in the nonstandard one. Moving on to
Grassmannians such procedure will give embeddings of standard Poisson–
Stiefel manifolds (and of other more general manifolds) in non standard
Poisson Grassmannians. In the special case of Grassmannians Gr2mm (C) this
will result in a Poisson embedding of the standard Poisson–Lie group U(m).
Such embeddings are relevant also from the point of view of quantum spaces,
where they were first identified. It is in the study of the groupoid C∗–
algebra C(Pnq,c) carried out in [Sh1, Sh2], in fact, they were used to construct
composition sequences for the algebra and, eventually, to compute its K–
groups. We expect that quantum Stiefel manifolds studied in [PV] and
suitable generalizations will appear as quotients of nonstandard complex
q–Grassmannians and allow a similar detailed analysis.
2 Coisotropic and affine coisotropic subgroups
2.1 Affine Poisson structures
Let G be a given Lie group, with Lie algebra g. In the following, we
use Rg (resp. Lg) to denote the right (resp. left) translation action on
G by g ∈ G, and also all the actions induced by it on tensors of G, e.g.
Rg (v) = (D (Rg))x (v) ∈ TxgG for any vector v ∈ TxG, and (RgX) (x) =
2
(D (Rg))xg−1
(
X
(
xg−1
)) ∈ TxG for any vector field X ∈ Γ (TG), where
D (Rg) is the differential (a vector bundle map on TG) of the diffeomor-
phism Rg. Note that the right translation R is an anti-homomorphism, i.e.
RgRh = Rhg. Similarly we have the left translation Lx, but L is a ho-
momorphism, i.e. LgLh = Lgh. Given any 2–tensor ρ : G → ∧2TG let
ρ˜(g) := L−1g ρ(g) ∈ ∧2g.
First we recall the following facts for an (alternating) 2-tensor field ρ on
a Lie group G (see [Lu, We1]).
(1) ρ is called multiplicative if
ρ (gh) = Lg (ρ (h)) +Rh (ρ (g)) .
(Note that ρ (e) = 0 if ρ is multiplicative, where e is the unit of G.)
(2) ρ is called affine if
ρ (gh) = Lg (ρ (h)) +Rh (ρ (g))− LgRh (ρ (e)) .
(3) ρ is affine if and only if π := ρ − (ρ (e))l is multiplicative, where X l
denotes the left-invariant tensor field generated by X ∈ ∧2g. (Note
that for any 2-tensor field π with π(e) = 0 and X ∈ ∧2g, if ρ := π+X l,
then ρ (e) = X and hence π = ρ − (ρ (e))l. So all affine ρ are of the
form ρ = π +X l for some multiplicative π and X ∈ ∧2g.)
(4) If π is a Poisson-Lie structure on G, then ρ = π+X l (with ρ (e) = X)
is affine for any X ∈ ∧2g (but may not be Poisson); in this case ρ is
also Poisson if and only if dX = 12 [X,X] ([DaSo]).
(5) If ρ is affine Poisson, then π := ρ− (ρ (e))l is multiplicative and Pois-
son. (But the converse may not be true, cf. (4) above.)
(6) Given ρ Poisson, we have that ρ is affine Poisson if and only if
π := ρ− (ρ (e))l is multiplicative Poisson (or Poisson-Lie).
Now we show that if ρ is affine Poisson and ρ (σ) = 0 for some point σ ∈ G,
then Rσ−1ρ is Poisson-Lie.
Lemma 1 . If ρ is affine Poisson, then Rσρ is also affine Poisson for any
σ ∈ G. (We don’t assume ρ (σ) = 0 in this lemma.)
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Proof. Clearly the right translation of a Poisson structure on G is
still a Poisson structure. So Rσρ is Poisson. Now by the commutativity
RgLh = LhRg for all g, h ∈ G, we get[
Rσρ− ((Rσρ) (e))l
]
(g) = Rσ
(
ρ
(
gσ−1
))− Lg ((Rσρ) (e))
= Rσ
[
Lg
(
ρ
(
σ−1
))
+Rσ−1 (ρ (g))− LgRσ−1 (ρ (e))
]− Lg (Rσ (ρ (σ−1)))
= Rσ
(
Lg
(
ρ
(
σ−1
)))
+ ρ (g)− Lg (ρ (e))− Lg
(
Rσ
(
ρ
(
σ−1
)))
= ρ (g)− Lg (ρ (e)) =
[
ρ− (ρ (e))l
]
(g)
which shows that
Rσρ− ((Rσρ) (e))l = ρ− (ρ (e))l
a multiplicative Poisson structure since ρ is affine Poisson. Thus Rσρ is
affine Poisson.
Proposition 2 . If ρ is affine Poisson and ρ (σ) = 0 for some point σ ∈ G,
then Rσ−1ρ is Poisson-Lie.
Proof. Rσ−1ρ is affine Poisson with
(Rσ−1ρ) (e) = Rσ−1 (ρ (σ)) = 0
and hence Rσ−1ρ is multiplicative Poisson.
2.2 Coisotropic subgroups
In this section we will clarify the relation between affine Poisson structures
on Lie groups and coisotropic subgroups of Poisson–Lie groups, introducing
the notion of affinely coisotropic subgroup.
Recall that for a given Poisson manifold (M,πM ) a coisotropic subman-
ifold is an embedded submanifold such that its defining ideal (i.e. the ideal
of smooth functions which are zero on the manifold) is a Poisson subalgebra.
For a given Poisson–Lie group (G,π) a coisotropic subgroup is a Lie sub-
group H which is also a coisotropic submanifold. At the infinitesimal level, if
δ = (Dπ˜)e : g→ ∧2g represents the cobracket and h is a Lie subalgebra of g
then h can be integrated to a coisotropic subgroup if and only if δ(h) ⊆ h∧g.
Let ρ be an affine Poisson structure on the Lie group G and let H be
a closed (connected) subgroup. It is known that the multiplicative Poisson
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structure on G induces (or projects to) a well-defined Poisson structure on
G/H when H is a coisotropic subgroup.
The concept of a coisotropic subgroup H of an affine Poisson Lie group
(G, ρ) is more delicate, and there is a fine distinction between “a coisotropic
subgroup” and “a subgroup that is a coisotropic submanifold” as discussed
below. First we note that the following conditions are equivalent:
(2) ρ (h)−Rh (ρ (e)) ∈ Lh (h ∧ g) for all h ∈ H;
(3) ρ (kh)−Rh (ρ (k)) ∈ Lkh (h ∧ g) for all h, k ∈ H;
(4) ((Dρ˜)e + [ρ˜ (e) , ·]) (h) ⊂ h ∧ g;
(5) ρ (gh) −Rh (ρ (g)) ∈ Lgh (h ∧ g) for all h ∈ H and g ∈ G.
Furthermore if adh(ρ(e)) ⊆ h ∧ g such conditions are equivalent to
(1) H is a ρ-coisotropic submanifold of G, i.e. ρ (h) ∈ Lh (h ∧ g) for all
h ∈ H;
In fact,
Rh (ρ (e)) = Lh
(
L−1h Rh (ρ (e))
)
= Lh
(
Ad−1h (ρ (e))
)
and so (1) ⇔ (2) if adh (ρ (e)) ⊂ h ∧ g. Since ρ is affine, we have
Lg [ρ (h)−Rh (ρ (e))] = ρ (gh)−Rh (ρ (g))
for any h ∈ H and g ∈ G, and hence (2), (3), and (5) are clearly equivalent.
From
L−1h [ρ (h)−Rh (ρ (e))] = Lh−1ρ (h)−Ad−1h (ρ (e))
and D
[
Ad−1h (ρ (e))
]
h=e
= − ad· (ρ (e)), it is not hard to see the equivalence
of (3) and (4).
Note that even if ρ is multiplicative and a subgroup H is a ρ–coisotropic
submanifold, a coset gH of H in general need not be a ρ-coisotropic sub-
manifold of G, but is “affinely (or relatively) ρ-coisotropic” in the sense of
condition (5). Note that in general, when ρ (e) 6= 0, i.e. ρ is not multiplica-
tive, both (1)⇒(2) and (2)⇒(1) may not hold. We define a closed subgroup
H of an (affine) Poisson Lie group G to be a ρ-coisotropic subgroup if
each coset gH with g ∈ G is an affinely ρ-coisotropic submanifold of G,
i.e. ρ (gh) −Rh (ρ (g)) ∈ Lgh (h ∧ g) for all h ∈ H. So when ρ is multiplica-
tive, a closed subgroup H of G is a ρ-coisotropic submanifold of G if and
only if H is a ρ-coisotropic subgroup of G.
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Theorem 3 . Let π be a Poisson 2-tensor on a Lie group G. For a closed
Lie subgroup H of G and σ ∈ G, the conjugate AdσH of H is π-coisotropic
if and only if H is πσ-coisotropic, where πσ (g) := Rσ
(
π
(
gσ−1
))
for g ∈ G.
Proof. Let π˜ (g) := L−1g (π (g)) ∈ ∧2g. Since
L−1gh [π (gh)−Rhπ (g)] = π˜ (gh)−L−1h L−1g Rhπ (g) = π˜ (gh)−L−1h RhL−1g π (g)
= π˜ (gh) − L−1h Rhπ˜ (g) = π˜ (gh)−Ad−1h (π˜ (g)) ,
a subgroup H is π-coisotropic if and only if
π˜ (gh)−Ad−1h (π˜ (g)) ∈ h ∧ g
for all g ∈ G and h ∈ H. Thus AdσH is π-coisotropic if and only if
(*) π˜ (gAdσ (h))−Ad−1Adσ(h) (π˜ (g)) ∈ Adσ (h) ∧ g
for all g ∈ G and h ∈ H. Similarly, H is πσ-coisotropic if and only if
(**) π˜σ (gh)−Ad−1h (π˜σ (g)) ∈ h ∧ g
for all g ∈ G and h ∈ H. Note that
π˜σ (g) = L
−1
g (πσ (g)) = L
−1
g
(
Rσπ
(
gσ−1
))
= RσL
−1
g π
(
gσ−1
)
= RσL
−1
σ LσL
−1
g π
(
gσ−1
)
= RσL
−1
σ L
−1
gσ−1
π
(
gσ−1
)
= RσL
−1
σ π˜
(
gσ−1
)
= Ad−1σ
(
π˜
(
gσ−1
))
for any g ∈ G. So
π˜σ (gh)−Ad−1h (π˜σ (g)) = Ad−1σ
(
π˜
(
ghσ−1
))−Ad−1h (Ad−1σ (π˜ (gσ−1)))
= Ad−1σ
(
π˜
(
gσ−1 Adσ (h)
))−Ad−1σ Adσ Ad−1h Ad−1σ (π˜ (gσ−1))
= Ad−1σ
[(
π˜
(
gσ−1Adσ (h)
))−Ad−1
σhσ−1
(
π˜
(
gσ−1
))]
and hence the condition (**) is equivalent to
π˜
(
gσ−1Adσ (h)
)−Ad−1Adσ h (π˜ (gσ−1)) ∈ Adσ (h ∧ g) = Adσ (h) ∧ g
for all g ∈ G and h ∈ H, or equivalently, the condition (*).
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Proposition 4 Let G be a Poisson–Lie group, H a closed subgroup such that
its conjugate AdσH := AdσH = σHσ
−1 is coisotropic where σ ∈ G. Let πσ
be the affine Poisson structure on G given by πσ(g) := Rσπ(gσ
−1). Let p :
G→ G/H and pσ : G→ G/Hσ be the natural projections. Then the Poisson
manifolds (G/H, p∗πσ) and (G/Hσ, (pσ)∗ π) are Poisson diffeomorphic.
Proof. There is a natural diffeomorphism between G/H and G/Hσ given
by ι : [g]H 7→
[
gσ−1
]
Hσ
which satisfies
pσ = ι ◦ p ◦Rσ,
where [g]H := gH ∈ G/H. We claim that ι is a Poisson map, i.e. ι∗ (p∗πσ) =
(pσ)∗ π. Indeed
ι∗ (p∗πσ)
([
gσ−1
]
Hσ
)
= (Dι) |[g]
H
((p∗πσ) ([g]H)) = (Dι) |[g]H ((Dp) |g (πσ(g)))
= (Dι) |[g]
H
(
(Dp) |g
(
Rσπ(gσ
−1)
))
= D(ι ◦ p ◦Rσ)|gσ−1
(
π(gσ−1)
)
= D(pσ)|gσ−1
(
π(gσ−1)
)
= ((pσ)∗π) (
[
gσ−1
]
Hσ
)
for any [g]H ∈ G/H and the claim follows.
2.3 Foliation point of view
It is somewhat unexpected that the π-coisotropy of a conjugate subgroup
AdσH is not related to the Adσ (π)-coisotropy of the subgroupH but related
to the Rσπ-coisotropy of H. In this section, we use a foliation viewpoint to
give a more conceptual explanation of this phenomenon. We call a foliation
F on a manifold M regular if the leaf (i.e. the quotient) space M/F inherits
a well-defined manifold structure from M .
Let F be a regular foliation on a manifold M and ρ ∈ ∧kTM be a
tensor field on M . We call F ρ-coisotropic if for any element [η] of the
holonomy groupoid G that goes from s ∈M to t ∈M (and hence s, t belong
to the same leaf L of F), there is a (leaf-preserving) local diffeomorphism
η, implementing [η], from a neighborhood of s to a neighborhood of t with
η (s) = t, such that
(Dη)s (ρ (s))− ρ (t) ∈ TtL ∧
(
∧k−1TtM
)
,
and hence ρ projects to a well-defined tensor field [ρ] = ρ/F on M/F . Note
that the differential Dη of η is a local vector bundle map from TF to TF ,
where TF = ∪L∈FTL.
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Fix a tensor field π on G. We consider the category C of G-manifolds M
endowed with π-covariant tensor field ρ and a regular ρ-coisotropic foliation
F that is invariant under the G-action on M . A morphism between two
objects (M,ρ,F) and
(
M˜, ρ˜, F˜
)
is a smooth G-equivariant map φ :M → M˜ ,
i.e. φ (gx) = gφ (x) for all (g, x) ∈ G×M , that induces a well-defined smooth
map [φ] : M/F → M˜/F˜ and sends the tensor field ρ on M to ρ˜ on M , i.e.
(Dφ) (ρ (x)) = ρ˜ (φ (x)) for all x ∈M .
It is easily recognized that the map [φ] induced by such a morphism φ
is automatically G-equivariant and sends [ρ] to [ρ˜]. It is natural to see that
for a given object (M,ρ,F) of C, any diffeomorphism φ : M →M produces
an object
(
M˜, ρ˜, F˜
)
of C with M˜ = M , F˜ = φ∗F whose leaves are exactly
the images of leaves of F under φ, and ρ˜ = (Dφ) (ρ), such that φ becomes
an invertible morphism from (M,ρ,F) to
(
M˜ =M, ρ˜, F˜
)
. In particular,
ρ˜ = (Dφ) (ρ) is π-covariant just like ρ, and F˜ = φ∗F is ρ˜-coisotropic.
For each connected closed subgroup H of G, the G-manifold G has a
regular foliation FH with the right cosets gH, g ∈ G, as leaves, such that
each holonomy groupoid element [η] is implemented by a right translation
Rh with h ∈ H, which implies that for any tensor field ρ on G, FH is ρ-
coisotropic if and only if the subgroup H is ρ-coisotropic. Note that the
diffeomorphism Rσ : G→ G with σ ∈ G maps the foliation FH determined
by H to the foliation FAd
σ−1
H determined by Adσ−1 H, because it sends the
leaf gH of FH to the leaf
(gH) σ = gσ
(
σ−1Hσ
)
= gσAdσ−1 H
of FAd
σ−1
H for all g ∈ G. Thus Rσ determines an invertible morphism from
(G, ρ,FH ) to
(
G,Rσρ,FAd
σ−1
H
)
for any tensor field ρ on G that makes the
subgroup H ρ-coisotropic. (This means that under the diffeomorphism Rσ,
the tensor field ρ corresponds to Rσρ while the subgroup H corresponds to
Adσ−1 H, not RσH which is not a subgroup.)
In particular, Adσ−1 H is Rσρ-coisotropic when H is ρ-coisotropic. Since
Rσ is invertible, we have Adσ−1 H is Rσρ-coisotropic if and only if H is
ρ-coisotropic. Substituting H by AdσH, we can also say that H is Rσρ-
coisotropic if and only if AdσH is ρ-coisotropic. Furthermore from the
above general discussion, it is also clear why the diffeomorphism Rσ induces
a Poisson diffeomorphism
(G/H = G/FH , ρ/FH)→
(
G/Adσ−1 H = G/FAd
σ−1
H , ρ/FAd
σ−1
H
)
.
8
3 Poisson Grassmannians
3.1 Coisotropic subgroups in standard SU(n)
Let us now restrict ourselves to the group SU(n) and fix the embedding of
S(U(n −m)× U(m)) in SU(n) given by:
(A,B) →֒
(
A 0
0 B
)
.
Recall that the standard Poisson–Lie tensor on SU(n) is defined, up to a
constant factor by the Poisson 2–tensor
π(g) = Lgr −Rgr
where r ∈ g ∧ g, g = su(n) in the following, is the r-matrix given by
r =
∑
1≤i<j≤n
X+ij ∧X−ij .
Here we are considering the Cartan decomposition of g determined by the
subalgebra of diagonal matrices and denote by X±ij the corresponding root
vectors
X+ij = ı(eij + eji) X
−
ij = eij − eji
with eij denoting a standard matrix unit.
It is then easily seen that S(U(m)×U(n−m)) is a Poisson–Lie subgroup
in SU(n). We will denote its Lie algebra by s(u(n−m)× u(m)).
Proposition 5 Let m ≤ [n2 ] with 4 ≤ n ∈ N, c ∈ [0, 1], and let
σ(c,m) =
√
c
m∑
i=1
eii+
n−m∑
i=m+1
eii+
√
c
n∑
i=n−m+1
eii+
√
1− c
m∑
i=1
(en+1−i,i−ei,n+1−i) .
Then subgroup Adσ(c,m)(U(n −m) × U(m)) is coisotropic in U(n). Analo-
gously Adσ(c,m)S(U(n −m)× U(m)) is coisotropic in the standard SU(n).
Proof Let σ = σ(c,m) throughout the proof. Then
σ−1 =
√
c(
m∑
i=1
ei,i+en+1−i,n+1−i)+
n−m∑
k=m+1
ek,k−
√
1− c(
m∑
i=1
en+1−i,i−ei,n+1−i) .
As in the proof of Theorem 3 of [Sh3], it suffices to show that
(Adσ−1r)− (2c − 1)r ∈ (u (n−m)× u (m)) ∧ u (n) .
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Let A =
√
c(1− c). First of all we remark that the following relations
hold true:
σ−1ei,jσ = cei,j + (1− c)en+1−i,n+1−j −A(ei,n+1−j + en+1−i,j)
σ−1en+1−j,n+1−iσ = cen+1−j,n+1−i + (1− c)ej,i +A(en+1−j,i + ej,n+1−i)
σ−1ei,n+1−jσ = cei,n+1−j − (1− c)en+1−i,j +A(ei,j − en+1−i,n+1−j)
σ−1en+1−i,jσ = cen+1−i,j − (1− c)ei,n+1−j +A(ei,j − en+1−i,n+1−j)
for every 1 ≤ i, j ≤ m. Furthermore:
σ−1ei,m+pσ =
√
cei,m+p −
√
1− cen+1−i,m+p
σ−1en+1−i,m+pσ =
√
cen+1−i,m+p +
√
1− cei,m+p
σ−1em+p,iσ =
√
cem+p,i −
√
1− cem+p,n+1−i
σ−1em+p,n+1−iσ =
√
cem+p,n+1−i +
√
1− cem+p,i
for every 1 ≤ i ≤ m and 1 ≤ p ≤ n− 2m. Lastly:
σ−1ei,jσ = ei,j
when m+ 1 ≤ i, j ≤ n−m. From these equalities one can compute:
σ−1X±i,n+1−jσ = cX
±
i,n+1−j ∓ (1− c)X±j,n+1−i +A(X±i,j ∓X±n+1−j,n+1−i)
for all 1 ≤ i 6= j ≤ m, and
σ−1X±i,jσ = cX
±
i,j −AX±i,n+1−j ∓AX±j,n+1−i ± (1− c)X±n+1−j,n+1−i
σ−1X±n+1−j,n+1−iσ = cX
±
n+1−j,n+1−i ± (1− c)X±i,j ±AX±i,n+1−j +AX±j,n+1−i
σ−1X−i,n+1−iσ = X
−
i,n+1−i
σ−1X+i,n+1−iσ = (2c − 1)X+i,n+1−i + 2AKi
for every 1 ≤ i < j ≤ m, where Ki = ı(ei,i − en+1−i,n+1−i). Furthermore:
σ−1X±i,m+pσ =
√
cX±i,m+p ∓
√
1− cX±m+p,n+1−i
σ−1X±m+p,n+1−iσ =
√
cX±m+p,n+1−i ±
√
1− cX±i,m+p
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for every 1 ≤ i ≤ m and 1 ≤ p ≤ n− 2m. Lastly:
σ−1X±m+p,m+qσ = X
±
m+p,m+q
when 1 ≤ p < q ≤ n− 2m.
Let’s now move to Adσ−1r which we divide into three separate pieces:
Adσ−1r = Adσ−1(Φ + Θ+ Ω)
where:
Φ =
∑
m+1≤i,j≤n−m
X+i,j ∧X−i,j
Θ =
n−2m∑
p=1
m∑
i=1
X+i,m+p ∧X−i,m+p +X+m+p,n+1−i ∧X−m+p,n+1−i +
m∑
i=1
X+i,n+1−i ∧X−i,n+1−i
Ω =
∑
1≤i<j≤m
X+i,j ∧X−i,j +
∑
1≤i 6=j≤m
X+i,n+1−j ∧X−i,n+1−j +
∑
1≤i<j≤m
X+n+1−j,n+1−i ∧X−n+1−j,n+1−i
By a straightforward computation, we get
Adσ−1(Φ) = Φ ∈ (2c− 1)Φ + [(u (n−m)× u (m)) ∧ u (n)]
Adσ−1(Θ) = (2c− 1)Θ + 2A
∑
[Ki ∧X−i,n+1−i +X+i,m+p ∧X−m+p,n+1−i −X+m+p,n+1−i ∧X−i,m+p]
∈ (2c− 1)Θ + [(u (n−m)× u (m)) ∧ u (n)]
since Ki,X
±
i,m+p,Φ ∈ u (n−m) × u (m). The computation of Adσ−1(Ω) is
much more tedious. It involves Adσ−1(Ω) =∑
1≤i<j≤m
(
cX+i,j −AX+i,n+1−j −AX+j,n+1−i + (1− c)X+n+1−j,n+1−i
)
∧
(
cX−i,j −AX−i,n+1−j +AX−j,n+1−i − (1− c)X−n+1−j,n+1−i
)
+
∑
1≤i 6=j≤m
(
AX+i,j + cX
+
i,n+1−j − (1− c)X+j,n+1−i −AX+n+1−j,n+1−i
)
∧
(
AX−i,j + cX
−
i,n+1−j + (1− c)X−j,n+1−i +AX−n+1−j,n+1−i
)
+
∑
1≤i<j≤m
(
(1− c)X+i,j +AX+i,n+1−j +AX+j,n+1−i + cX+n+1−j,n+1−i
)
∧
(
−(1− c)X−i,j −AX−i,n+1−j +AX−j,n+1−i + cX−n+1−j,n+1−i
)
.
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The sum of all the wedge products of a “+–term” on the left of ∧ and the
corresponding “−-term” on the right of ∧ is (2c − 1)Ω. All the remaining
wedge products of a term on the left of ∧ and a term on the right of ∧
are in (u (n−m)× u (m)) ∧ u (n), except for those involving the products
X+i,n+1−j ∧ X+j,n+1−i since multiples of X+i,n+1−j and X+j,n+1−i are the only
terms not in the Lie subalgebra u (n−m) × u (m). It is easy to check that
the sum of all those wedge products involving X+i,n+1−j ∧X+j,n+1−i is 0. So
we get
Adσ−1(Ω) ∈ (2c − 1)Ω + [(u (n−m)× u (m)) ∧ u (n)]
Putting all together, we have that:
Adσ−1r = (2c− 1)r + [(u (n−m)× u (m)) ∧ u (n)]
as wanted.
We will denote with τσc the projected Poisson 2–tensor on the complex
Grassmannian Gmn C = SU(n)/S(U(m) × U(n−m)).
3.2 Covariance of tensor structures
We plan now to describe a general argument which shows that the Poisson
pencil generated by the only (up to constant) SU(n)–invariant Poisson struc-
ture on GnmC together with any τσc covers all of SU(n)–covariant Poisson
structures on the complex Grassmannians.
Let M be a G-manifold. Given two tensor fields π and ρ (of the same
kind) on G and M respectively, ρ is called π-covariant if (the differential Dµ
of) the action
µ : (g, h) ∈ G×M 7→ gh ∈M
sends the product tensor π× ρ on G×M to ρ on M . When π, ρ are Poisson
2-tensors this means that µ is a Poisson map (w.r.t. π× ρ and ρ), where the
product tensor π × ρ on G×M is defined by
(π × ρ) (g, h) := π (g) ⊕ ρ (h) ∈ ∧2TgG⊕ ∧2ThM ⊂ ∧2T(g,h) (G×M) .
The general condition can be summarized as
(Dµ) (π ⊕ ρ) = ρ .
It is interesting to note that a tensor field ρ on a G-manifoldM is G-invariant
if and only if ρ is 0-covariant for the vanishing tensor field 0 on G, i.e. the
action operation
µ : (g, h) ∈ G×M 7→ gh ∈M
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sends the product tensor 0×ρ on G×M to ρ onM , because for all (g0, h0) ∈
G×M ,
(Dµ)(g0,h0) ((0× ρ) (g0, h0)) = (Dµ)(g0,h0) (0⊕ ρ (h0))
=
(
∂µ
∂g
)
(g0,h0)
(0) +
(
∂µ
∂h
)
(g0,h0)
(ρ (h0)) = Lg0 (ρ (h0))
and hence
(Dµ)(g0,h0) ((0× ρ) (g0, h0)) = ρ (g0h0)
if and only if
Lg0 (ρ (h0)) = ρ (g0h0) .
Note that the multiplicativity of a tensor field π on G is equivalent to the
condition that π is π-covariant, i.e. the multiplication operation
µ : (g, h) ∈ G×G 7→ gh ∈ G
sends the product tensor π×π on G×G to π on G, because for all (g0, h0) ∈
G×G,
(Dµ)(g0,h0) ((π × π) (g0, h0)) = (Dµ)(g0,h0) (π (g0)⊕ π (h0))
=
(
∂µ
∂g
)
(g0,h0)
(π (g0)) +
(
∂µ
∂h
)
(g0,h0)
(π (h0)) = Rh0 (π (g0)) + Lg0 (π (h0))
and hence
(Dµ)(g0,h0) ((π × π) (g0, h0)) = π (g0h0)
if and only if
Rh0 (π (g0)) + Lg0 (π (h0)) = π (g0h0) .
Similarly, the affinity of a tensor field ρ on G is equivalent to the condition
that ρ is π-covariant for the field π = ρl := ρ−(ρ (e))l (which is multiplicative
when ρ is indeed affine), i.e. the multiplication operation
µ : (g, h) ∈ G×G 7→ gh ∈ G
sends the product tensor π×ρ on G×G to ρ on G, because for all (g0, h0) ∈
G×G,
(Dµ)(g0,h0) ((π × ρ) (g0, h0)) = (Dµ)(g0,h0) (π (g0)⊕ ρ (h0))
=
(
∂µ
∂g
)
(g0,h0)
(π (g0)) +
(
∂µ
∂h
)
(g0,h0)
(ρ (h0)) = Rh0 (π (g0)) + Lg0 (ρ (h0))
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= Rh0 (ρ (g0))−Rh0 (Lg0 (ρ (e))) + Lg0 (ρ (h0))
and hence
(Dµ)(g0,h0) ((π × ρ) (g0, h0)) = ρ (g0h0)
if and only if
Rh0 (π (g0)) + Lg0 (ρ (h0))−Rh0 (Lg0 (ρ (e))) = ρ (g0h0) .
We give an interesting application of the above viewpoint. First we give
a proof of the following known general result, using the concept discussed
above.
Proposition 6 . Let π ∈ ∧kTG and M be a G-manifold. If ρ ∈ ∧kTM
is π-covariant and ρ˜ ∈ ∧kTM is G-invariant, then ρ + ρ˜ (or any tensor in
ρ + Rρ˜) is π-covariant and the Schouten bracket [[ρ, ρ˜]] (or any tensor in
[[ρ,Rρ˜]]) is G-invariant.
Proof. The given conditions can be summarized as
(Dµ) (π ⊕ ρ) = ρ and (Dµ) (0⊕ ρ˜) = ρ˜
for the action map µ : G×M →M . Clearly we have
(Dµ) (π ⊕ (ρ+ ρ˜)) = (Dµ) ((π ⊕ ρ) + (0⊕ ρ˜)) = ρ+ ρ˜
which means that ρ+ ρ˜ is π-covariant. On the other hand, we first note that
the Schouten bracket
[[κ⊕ 0, 0⊕ λ]] = 0 in ∧k T (G×M)
for any tensor κ ∈ ∧kTG and λ ∈ ∧kTM . Now since the differential Dµ
preserves the Schouten bracket operation, we also have
[[ρ, ρ˜]] = [[(Dµ) (π ⊕ ρ) , (Dµ) (0⊕ ρ˜)]] = (Dµ) ([[π ⊕ ρ, 0⊕ ρ˜]])
= (Dµ) ([[π, 0]]⊕ [[ρ, ρ˜]]) = (Dµ) (0⊕ [[ρ, ρ˜]]) ,
which means that [[ρ, ρ˜]] is G-invariant.
For Poisson tensors ρ, ρ˜ on M (i.e. [[ρ, ρ]] = 0 = [[ρ˜, ρ˜]]), the sum ρ+ ρ˜ is
Poisson if and only if [[ρ, ρ˜]] = 0. If ρ ∈ ∧2TM is a π-covariant Poisson tensor
and ρ˜ ∈ ∧2TM is G-invariant Poisson tensor, then ρ + ρ˜ (or any tensor in
ρ+Rρ˜) is a π-covariant Poisson tensor if there is no non-trivial G-invariant
3-tensor on M . For any compact symmetric space this last condition is
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equivalent to H3DR (M) = 0 which is verified, for example, when M = G
n
mC.
This proves that if ρ is the SU(n) invariant Poisson tensor on GnmC then ρ
and τc are compatible ([[ρ, τc]]) and therefore generates the Poisson pencil of
SU(n)–covariant Poisson tensors.
In particular, if X ∈ ∧2g and X l is a (of course G-invariant) Poisson
2-tensor on G, then ρ+X l is an affine Poisson 2-tensor on G (which is also
ρl-covariant and hence
(
ρ+X l
)
l
= ρl) for any affine Poisson 2-tensor ρ on
G (which is ρl-covariant for the multiplicative ρl := ρ− (ρ (e))l).
3.3 Lagrangian subalgebras
In [Dr1] Drinfel’d showed how to relate Poisson homogeneous spaces of a
given Poisson–Lie group to orbits (under a natural action) of the group
itself on the algebraic variety L of Lagrangian subalgebra of the double
D(g). Such construction led Karolinsky ([Ka]) to a classification of Poisson
homogeneous spaces – at least when D(g) is complex semisimple – in terms
of combinatorial data associated to the root system. Later on Evens and
Lu in [ELu] showed how to define a natural Poisson bivector on L such that
the Drinfel’d map is always an equivariant Poisson map. In this context a
quotient by a coisotropic subgroup corresponds to orbits in L containing at
least one split subalgebra. In this paragraph we’ll describe such Lagrangian
subalgebras for our specific family of covariant Poisson brackets on complex
Grassmannians, generalizing results in [Sh3].
Lemma 7 Let G be a Poisson–Lie group, H a closed connected subgroup,
with Lie algebra h ⊆ g. Let σ ∈ G be such that hσ = Adσh is coisotropic in
g (i.e. (dπ)
∣∣
hσ
⊆ hσ ∧ g). Then the Lagrangian subalgebras corresponding
to the Poisson structure τσ on the homogeneous space G/H over the point
x0 := eH is
h+W = h+ {(x, β) ∈ g× g∗
∣∣β ∈ h⊥, πσ−1yβ = x} (1)
Proof
By construction (see [Dr1]) the Lagrangian subalgebra over the point
σ · x0 is split and equals l = hσ ⊕ h⊥σ . We will use G–equivariance of the
correspondence between points and Lagrangian subalgebras Recall that the
action of G on its double D(g) ≃ g⊕ g∗ is given by
g · (X,α) = (AdgX + π˜(g)(Ad∗gα,−), Ad∗gα)
Therefore letting g = σ−1 act on (AdσY,Ad
∗
σβ) what we get is
σ · l = h⊕ {(x, β) ∈ g× g∗
∣∣β ∈ h⊥, πσ−1(e)yβ = x}
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Note that the Lagrangian subalgebra σ · l is exactly the Lagrangian subalge-
bra complementary to g associated with the affine Poisson bracket πσ (see
[Lu])
The Lagrangian subalgebras corresponding to Poisson homogeneous com-
plex Grassmannians, over the point x0 = eH can be computed either by
solving
πσ−1(e)yβ = x
or remarking that h⊥σ is generated, as a vector space, by the following ele-
ments
〈∓xij± + xn+1−j,n+1−i± −
2c− 1√
c(1− c)x
j,n+1−i
± , 1 ≤ i < j ≤ m〉
〈xi,n+1−j± +∓xj,n+1−i± , 1 ≤ i < j ≤ m〉
〈√cxi,m+p± ±
√
1− cxm+p,n+1−i± , 1 ≤ i ≤ m, 1 ≤ p ≤ n− 2m〉
〈xi,n+1−i− , hi + hn−i +
2c− 1√
c(1− c)
n∑
j=n−i+1
xn+1−j,j+ , 1 ≤ i ≤ m〉
where xhk± are the dual elements of X
±
hk and hl are the dual elements of the
Cartan subalgebra standard basis Hl = ı(el,l − en,n).
Remark that h⊥σ is a Lie subalgebra of g
∗ and, as such, can be integrated
to a coisotropic subgroupH⊥ ofG∗. The Poisson homogeneous spaceG∗/K⊥
is called the complementary dual of G/H in [CG] where it is shown that it
fits into a quantum duality scheme.
4 Poisson embeddings
4.1 General embeddings
Lemma 8 Let (G,π) be a Poisson–Lie group (with Lie cobracket δ). Let K
be a closed Poisson–Lie subgroup and let H ′ be a closed coisotropic subgroup
in G. Then H = K ∩H ′ is a coisotropic subgroup of K and the natural map
ı : K/H → G/H ′; [k]H 7→ [k]H′
is a Poisson embedding with respect to the projected Poisson structures. If
K ∪H ′ generates G then K/H is Poisson diffeomorphic to G/H ′.
Proof
Coisotropy of K∩H ′ in K follows from its infinitesimal characterization.
In fact, intersecting a subcoalgebra k (i.e. δ(k) ⊆ k ∧ k) with a subcoideal
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h′ (i.e. δ(h′) ⊆ h′ ∧ g) gives a subcoideal of k. The map ı is the unique
map such that p′ ◦ i = ı ◦ pH , where i : K →֒ G is the Poisson embedding,
p′ : G → G/H ′ and pH : K → K/H are the natural Poisson projections. It
is then easily seen that ı is injective, Poisson and with injective differential.
This map is also surjective if every g ∈ G can be written as g = kh′, with
h ∈ K and h′ ∈ H ′ so that the last statement follows as well.
Examples:
1. Let K ′ ⊆ K ⊆ G be a chain of Poisson–Lie groups. Then the nat-
ural map from K/K ′ to G/K ′ is a Poisson embedding. In this way,
for example, one can prove that standard Poisson spheres S2k+1 (i.e.
quotients SU(k + 1)/SU(k) w.r.t. the standard Poisson SU(k + 1))
are embedded in standard Poisson complex Stiefel manifolds V nk C ≃
SU(n)/SU(k)
2. Let Hσ be a 1–parameter family of coisotropic subgroups containing a
Poisson–Lie group K = H0. Then we have a Poisson embedding from
K/(K ∩Hσ) to G/Hσ . This example will be frequently used in what
follows.
3. Let G = SU(n) and let K = SU(n − 1) be the Poisson–Lie sub-
group of lower right corner matrices (i.e. the first row and column are
(1, 0, . . . , 0). Then let H ′ = SU(n− 1) be the Poisson–Lie subgroup of
upper left corner matrices. We have: H = SU(n−2) andK/H ≃ S2n−1
with the standard Poisson structure, which is, then, naturally embed-
ded in SU(n)/SU(n − 1) ≃ S2n+1. Taking Hp = SU(n − p) as upper
left corner matrices and repeating the argument we find a chain of
Poisson embeddings of spheres explaining the symplectic foliation of
the standard Poisson spheres.
We will now give a description of Poisson embeddings for standard com-
plex projective spaces and complex Grassmannians and see how it relates
with the Bruhat-Poisson foliation. The same argument will then be gener-
alized to non standard complex Grassmannians (and projective spaces) in
what follows.
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4.2 Complex projective spaces
In this section the idea is to explain how the subgroup method can be used
to describe (part of) the symplectic foliation both for standard and non
standard complex projective spaces. Let us recall that from the classification
of Poisson–Lie subgroups of a given standard compact Poisson–Lie group (see
[Stok]) one can deduce that maximal Poisson–Lie subgroups in SU(n) are
the diagonally embedded S(U(k)× U(n− k)), k = 1, . . . , n.
Let us start with the standard case. The complex projective space PnC
is identified with the quotient SU(n)/S(U(1)×U(n− 1)) via the projection
p : SU(n)→ Pn−1C
A 7→ [A · t(0, . . . , 0, 1)] = [A(n)]
where A(i) denotes the ith–column of the matrix A and t(0, . . . , 0, 1) the
transposed column vector. The corresponding standard Poisson structure
has symplectic foliation described by Schubert cells (see [Stok] for more
explicit description) which is, in this case, described as a chain of embeddings
P
0
C ⊆ P1C ⊆ . . . ⊆ Pn−2C ⊆ Pn−1C
each of which is given by equations Z1 = . . . Zk = 0 in homogeneous coordi-
nates. It is then easily seen that the parabolic subgroups corresponding to
S = {α1, . . . , α̂k, . . . , αn−1} intersects SU(n) in a Poisson-Lie subgroup
Kk =
{(
A 0
0 B
)
∈ S(U(k) × U(n − k))
}
having as image under the projection p exactly Xk = P
k−1C.
Theorem 9 For any k = 1, . . . , n−2 we have Kk∩Kn−1 ≃ S(U(k)×U(n−
k−1)×U(1)) ≃ U(k)×U(n−k−1). Furthermore Kk/Kk∩Kn−1 is Poisson
diffeomorphic to the standard Poisson Pn−k−1C and projects onto Xk via p.
Proof
The statement about the intersection is easily verified. For the second
statement consider the map
ı :
SU(n− k)
S(U(n− k − 1)× U(1)) −→
Kk
Kk ∩Kn−1 ; ı([B]) =
[(
1 0
0 B
)]
.
This map is a Poisson diffeomorphism due to an application of lemma 8
remarking that ı(S(U(n − k − 1) × U(1))) = Kk ∩ SU(n− k), and that the
union (Kn−1 ∩Kk) ∪ SU(n− k) generates Kk.
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Note that p(K1) ⊇ . . . p(Kn−2) ⊇ p(Kn−1) = {∗}, i.e. all the embeddings
granted by the proposition are contained one into another and overlap the
Schubert cell decomposition.
Let’s move to the non standard case. As we have seen in Proposition
2.2 one can consider it simply as obtained via a different projection, i.e.
identifying the complex projective space with a quotient of SU(n) as image
of
pσ : SU(n)→ Pn−1C
pσ : A 7→ [A · t(
√
c, 0, . . . , 0,
√
1− c)] = [√cA(1) +√1− cA(n)] .
The stabilizer, in this case, is the subgroup Hσ = Adσ(c,1)U(n − 1). Dif-
ferently from the standard case, the Poisson–Lie subgroups Kk have images
which are not contained one into another. In more detail p(Kk) consists of
[
(
A 0
0 B
)
· t(√c, 0, . . . , 0,√1− c)] = [(√ca11, . . . ,
√
cak1,
√
1− cbk+1,n, . . . ,
√
1− cbn,n)]
The images Xk = p(Kk) satisfy, then, the equation
‖A(1)‖2 − ‖B(n)‖2 = 0
which, in homogeneous coordinates, can be expressed as
|Z11|2 + . . .+ |Zk1|2 − c
(1− c)(|Zk+1,n|
2 + . . .+ |Znn|2) = 0
These are exactly the same equations for the higher dimensional singular
symplectic leaves as in [KhRaRu].
Theorem 10 For any k = 1, . . . , n− 1 we have
Kk∩Hσ =




a 0 0 0
0 B11 0 0
0 0 B22 0
0 0 0 a

 : a2 = det(B11B22)−1, B11 ∈ U(k − 1), B22 ∈ U(n− k − 1)

 .
Furthermore Kk/Kk∩Hσc is Poisson diffeomorphic to (S2k−1×S2(n−k)−1)/T
(if k = 1 to a standard Poisson odd sphere S2n−3).
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Proof Let us start with k = 1 and consider the embedding
A ∈ U (n− 1) 7→
(
det (A)−1 0
0 A
)
∈ H := K1 ⊂ G := SU (n)
of U (n− 1) ONTO the closed subgroup H = K1 of G = SU (n). Let
σc =


√
c 0
√
1− c
0 In−2 0
−√1− c 0 √c

 ∈ SU (n)
with c ∈ (0, 1). Since for any
h :=

 a 0 00 B C
0 D b

 ∈ H
with a, b ∈ C, the conjugate
σchσ
−1
c =


√
c 0
√
1− c
0 In−2 0
−√1− c 0 √c



 a 0 00 B C
0 D b




√
c 0 −√1− c
0 In−2 0√
1− c 0 √c


=

 a
√
c D
√
1− c b√1− c
0 B C
−a√1− c √cD b√c




√
c 0 −√1− c
0 In−2 0√
1− c 0 √c


=

 ac+ b− bc D
√
1− c (b− a)√c√1− c
C
√
1− c B C√c
(b− a)√c√1− c D√c a− ac+ bc


is in H if and only if C = 0, D = 0, and b = a, in which case
σchσ
−1
c =

 a 0 00 B 0
0 0 a

 = h
with B ∈ U (n− 2) and a2 = det (B)−1. Thus
Kσc := H ∩Hσc =



 a 0 00 B 0
0 0 a

 ∈ SU (n) : B ∈ U (n− 2)


20
=


 a 0 00 B 0
0 0 a

 : B ∈ U (n− 2) and a2 = det (B)−1


is a double covering U˜ (n− 2) of U (n− 2) where Hσc := Adσc H = σcHσ−1c ,
and
kσc =



 a 0 00 B 0
0 0 a

 : B ∈ u (n− 2) and − 2a = tr (B)

 ∼= u (n− 2) .
It is not immediately clear that H/Kσc
∼= S2n−3 since Kσc ∼= U˜ (n− 2) 6=
U (n− 2) and furthermore under the following identification ofH and U (n− 1),
Kσc is not identified with the standard canonically embedded U (n− 2),
namely,
{(
1 0
0 B
)
: B ∈ U (n− 2)
}
.
Let us prove that H/Kσc
∼= S2n−3 and that π on H projects to the
standard covariant Poisson structure on S2n−3. Indeed since Kσc is a π-
coisotropic subgroup of H and the canonically embedded
SU (n− 1) ≡ H0 :=
{(
1 0
0 A
)
: A ∈ SU (n− 1)
}
in H is a Poisson-Lie subgroup of H, we have a Poisson embedding
ι : H0/ (H0 ∩Kσc)→ H/Kσc
where the Poisson structures are projected from π. Note that ι is surjective
(and hence is a diffeomorphism) since H0∪Kσc generates the group H. Note
also that
H0 ∩Kσc =



 1 0 00 B 0
0 0 1

 : B ∈ SU (n− 2)


the canonically embedded SU (n− 2) in SU (n− 1) and hence
H0/ (H0 ∩Kσc) = SU (n− 1) /SU (n− 2) = S2n−3 .
This shows that H/Kσc
∼= H0/ (H0 ∩Kσc) = S2n−3 the standard covariant
Poisson sphere. Recall that Hσc = Adσc H is π-coisotropic and π projects to
the non-standard covariant Poisson structure on CPn−1 = G/Hσc . So with
Hσc being a Poisson-Lie subgroup of (G,π), we have a Poisson embedding
H/Kσc = S
2n−3 → G/Hσc = CPn−1
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of the standard Poisson S2n−3 into the non-standard Poisson CPn−1.
Let now k 6= 1. We want to prove that
Kk
Kk ∩Hσc
≃ S
2k−1 × S2(n−k)−1
T
as Poisson manifold, clarifying which is the Poisson structure on the right.
Repeating the same argument as in the first part of the proof we easily see
that Kk ∩Hσc consists of matrices

a 0 0 0
0 B11 0 0
0 0 B22 0
0 0 0 a


where B11 ∈ U(k − 1), B22 ∈ U(n − k − 1) and a2 = det(B11B22)−1. Now
since Kk ∪ J generates U(k)× U(n− k) we have
Kk
Kk ∩Hσc
≃ U(k)× U(n− k)
J
where, as Poisson manifolds, U(k)×U(n−k) has the product Poisson struc-
ture (of standard Poisson U(i)’s) and J consists of matrices

a 0 0 0
0 B11 0 0
0 0 B22 0
0 0 0 a


with a ∈ U(1), B11 ∈ U(k−1), B22 ∈ U(n−k−1) (hence J is a Poisson–Lie
subgroup of U(k)× U(n− k)). We remark that
U(k)× U(n− k)
1× U(k − 1)× U(n− k − 1)× 1 ≃ S
2k−1 × S2(n−k)−1
with the product of standard Poisson structures on the right. It is just a
quotient by a Poisson–Lie subgroup of U(k)× U(n− k).
The canonical embedding
1× U(k − 1)× U(n− k − 1)× 1 ⊆ J
of Poisson–Lie groups induces a Poisson quotient map
U(k)× U(n− k)
1× U(k − 1)× U(n− k − 1)× 1 ։
U(k)× U(n− k)
J
.
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Since the actions of the subgroups 1 × U(k − 1) × U(n − k − 1) × 1 and
T = {a ⊕ Ik−1 ⊕ In−k−1 ⊕ a : a ∈ U(1)} commute, T gives a well defined
diagonal action on U(k)×U(n−k)1×U(k−1)×U(n−k−1)×1 ≃ S2k−1 × S2(n−k)−1 such that the
quotient map onto its orbit space coincides with the above quotient map.
The symplectic foliation of the standard covariant Poisson S2k−1 consists
of T–families of Ci for 0 ≤ i ≤ k − 1 with the T–action on S2k−1 taking
a leaf Ci to a leaf Ci in the same T–family. So the symplectic foliation of
S2k−1×S2(n−k)−1 consists of T2–families of Ci×Cj for 0 ≤ j ≤ n−k−1 and
hence the symplectic foliation of S2k−1 × S2(n−k)−1/T consists of T–families
of Ci × Cj for 0 ≤ i ≤ k − 1 and 0 ≤ j ≤ n− k − 1.
Remarks
1. Note that dimXk = dimKk − dim(Kk ∩Hσ) = [k2 + (n − k)2 − 1] −
[(k − 1)2 + (n− k − 1)2] = 2n− 3 independently of k.
2. It is obvious that whenever k 6= l, Xk ∩Xl is a union of lower dimen-
sional symplectic leaves. Each such intersection is just the image under
the Poisson embedding of the Poisson–Lie subgroup Kk ∩Kl.
3. The embedding iσ is the same as the Poisson map of Theorem 5 in
[Sh3]. To prove this statement consider that the map granted by
proposition 8 can be constructed as follows: take (v1, . . . , vn−1) com-
plex coordinates on the sphere, take u′ ∈ U(n − 1) with last column
equal to (v1, . . . , vn−1) and consider 1⊕u′ as the matrix with first row
and first column equal to (1, 0, . . . , 0). Projecting this matrix with re-
spect to Hσ means projecting with p◦Rσ so that a direct computation
shows that the Poisson map of proposition 8 is:
(v1, . . . , vn−1) 7→ [
√
1− c,√cv1, . . . ,
√
cvn−1]
(here [.] stands for equivalence class in Pn−1) which is exactly the
same map as in [Sh3] (apart from composition with the obvious Pois-
son diffeomorphism c → 1 − c). It is remarkable that the connected
components of the complementary of the union of the images of such
embeddings are exactly the Poisson leaves of higher rank. Further-
more lower dimensional leaves can also be described as intersections
of a suitable number of such images (the intersection of Poisson sub-
manifolds being again a Poisson manifold), so that one can, in fact,
completely describe the symplectic foliation of the complex projective
space.
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4.3 Complex Grassmannians
In this section we study the more general Grassmannian case. Let us fix
once and for all the complete flag in Cn, Vi = 〈en−i, . . . , en〉 and let us give
notations for the Schubert cell decomposition. Let (a1, . . . , ak) be a k–tuple
of integers such that 0 ≤ a1 ≤ . . . ≤ ak ≤ n− k, and denote with [a1, . . . , ak]
the corresponding Schubert cell, i.e. the set of k–planes in Cn:
[a1, . . . , ak] = {X ∈ GnkC
∣∣ dim(X ∩ Vai+i) ≥ i}
Then [a1, . . . , ak] is a cell of complex dimension
∑k
i=1 ai. The relative
position of cells is described by the so called Bruhat order:
(a1, . . . , ak) ≤ (b1, . . . , bk)⇐⇒ ai ≤ bi ∀i = 1, . . . , k .
This is a partial ordering on the k–tuples of integers such that (a1, . . . ak) ≤
(b1, . . . , bk) if and only if [a1, . . . , ak] ⊆ [b1, . . . , bk]. Notice that [a1, . . . , ak−1] 7→
[0, a1, . . . , ak−1] describes an embedding of G
n
k−1C into G
n
kC.
Now we consider subgroups and their projections, starting with the stan-
dard case.
Theorem 11 For any l = 1, . . . , n− 1, let Kl = S(U(l)×U(n− l)) and let
G = SU(n). Then we have:
1. There is a Poisson diffeomorphism
Kl
Kl ∩Kk =


Gn−lk−lC if l < k,
{e} if l = k
GlkC otherwise.
;
2. The image Xl := p(Kl) of Kl under the projection p : G → G/Kk is
the submanifold
Xl =



0, ..., 0︸ ︷︷ ︸
l
, n− k, ..., n − k︸ ︷︷ ︸
k−l

 if l < k,
[0, . . . , 0] if l = k
l − k, ..., l − k︸ ︷︷ ︸
k

 otherwise.
.
Note that we have the following inclusion relations: X1 ⊇ . . . ⊇ Xk−1
and Xk+1 ⊆ . . . ⊆ Xn−1.
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Proof
First we note that
Kl ∩Kk =


S(U(l)× U(k − l)× U(n− k)) if l < k,
Kk if l = k
S(U(k)× U(l − k)× U(n− l)) otherwise.
Furthermore the union of the subgroups 1l×SU(n−l) and Kl∩Kk generates
Kl with
(1l × SU(n− l)) ∩Kl ∩Kk = 1l × S(U(k − l)× U(n− k))
if l ≤ k, while the union of the subgroups SU(l)×1n−l and Kl∩Kk generates
Kl with
(SU(l)× 1n−l) ∩Kl ∩Kk = S(U(k)× U(l − k))× 1n−l
if l > k. So by lemma 8, we get Poisson diffeomorphisms
SU(n− l)
S(U(k − l)× U(n− k)) →
Kl
Kl ∩Kk ; [B] 7→
(
Il 0
0 B
)
l ≤ k
SU(l)
S(U(k) × U(l − k)) →
Kl
Kl ∩Kk ; [B] 7→
(
B 0
0 In−l
)
l > k .
The rest of the theorem comes from direct computations.
We remark that different from the case of complex projective spaces,
Poisson embeddings of lower dimensional homogeneous spaces do not cover
the whole symplectic foliation for the complex Grassmannians which coin-
cides with the Schubert cell decomposition.
Let us move to the non standard situation. We are then considering
GnkC ≃ SU(n)/Adσ(c,k)S(U(k) × U(n − k))
with the projected Poisson tensor τσc . Let us consider the family of maximal
Poisson–Lie subgroups S(U(l)×U(n− l)), 1 ≤ l ≤ n− 1. The problem is to
describe, for every l, the image of S(U(l)×U(n− l)) in GnkC and the Poisson
manifold
S(U(l)× U(n− l))/(S(U(l) × U(n− l)) ∩Adσ(c,k)(S(U(k) × U(n− k))) .
Let Jk denote the k × k anti–diagonal matrix
Jk =


0 . . . 0 1
0 . . . 1 0
...
. . .
...
1 0 . . . 0

 =
k∑
i=1
ei,k−i+1 .
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In the following the subscript of Jk is often omitted since the size of J is
varying and can be easily determined from its surrounding context. With
this notation
σ(c, k) =


√
cIk 0 −
√
1− cJk
0 In−2k 0√
1− cJk 0
√
cIk

 .
Lemma 12 We have Kl ∩Adσ(c,k)Kk = Kn−l ∩Adσ(1−c,k)Kk.
Proof First of all Adσ(c,k)Kk consists of matrices of the form
σ(c, k)−1

 A 0 00 B11 B12
0 B21 B22

σ(c, k)
=

 cA+ (1− c)JB22J
√
1− cJB21
√
c(1− c)(−AJ+ JB22)√
1− cB12J B11
√
cB12√
c(1− c)(−JA+B22J)
√
cB21 (1− c)JAJ + cB22


Now the main point is to remark that Kn−i = AdJKi and that
J

 cA+ (1− c)JB22J
√
1− cJB21
√
c(1− c)(−AJ+ JB22)√
1− cB12J B11
√
cB12√
c(1− c)(−JA+B22J)
√
cB21 (1− c)JAJ + cB22

 J
=

 (1− c)A+ cJB22J
√
cJB21J
√
c(1− c)(−AJ+ JB22)√
cJB12J JB11J
√
1− cJB12√
c(1− c)(−JA+B22J)
√
1− cB21J cJAJ + (1− c)B22


= Adσ(1−c,k)

 A 0 00 JB11J JB12
0 B21J B22


From this the claim follows.
Theorem 13 For any l = 1, . . . , n− 1, let Kl = S(U(l)×U(n− l)) and let
Xl,k = Kl/(Kl ∩Adσ(c,k)Kk). Then we have:
1. If l < k or l > n− k then Xl,k is Poisson diffeomorphic to
SU(n− l)/ (S(U(|k − l|)× U(|n − k − l|))× 1l)
with a non standard Poisson quotient structure. The image of Xl,k
is a Poisson submanifold of GnkC of codimension l
2 if l < k and of
codimension (n− l)2 if l > n− k.
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2. If l = k or l = n − k then Xl,k is Poisson diffeomorphic to the Stiefel
manifold
V n−kk C
with the standard quotient structure; its image in GnkC is therefore a
Poisson submanifold of codimension k2. Remark that when 2k = n,
V kk C ≃ U(k) (with the standard Poisson structure).
3. If k < l < n − k then Xl,k is Poisson diffeomorphic to the quotient
space
V lkC× V n−lk C
U(k)
of the standard Poisson complex Stiefel manifold V lkC× V n−lk C by the
diagonal action of U(k). The image of the projection Xl,k is a sub-
manifold of GnkC of codimension k
2.
Proof
Let us start with the case l ≤ k. From the formula for Adσ(c,k)Kk
described in the proof of the preceding lemma we see that the subgroup
Kl ∩Adσ(c,k)Kk consists of matrices of the form
 A11 0 00 A′ 0
0 0 JA11J

 (2)
where
A′ = Adσ(c,k−l)

 A22 0 00 B11 B12
0 B21 B22


such that the whole determinant is 1, with blocks A11 ∈ U(l), A22 ∈ U(k−l),
B11 ∈Mn−2k(C), B22 ∈ U(k − l) . When l = k we get matrices
 A11 0 00 B11 0
0 0 JA11J

 (3)
with A11 ∈ U(k), B11 ∈ U(n − 2k) and detA211 = detB−1. In this case,
applying lemma 8 exactly as in the first part of the proof of Proposition 10
we see that
Xl,k =
SU(n− l){(
Adσ(c,k−l)A 0
0 1l
)}
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where A ∈ S(U(k − l)× U(n− k − l)). Fix an auxiliary subgroup
H0 =
{(
1l 0
0 B
)
: B ∈ SU(n− l)
}
and notice that H0/(H0 ∩Adσ(c,k)Kk) is Poisson diffeomorphic to Kl/(Kl ∩
Adσ(c,k)Kk). Next H0/(H0 ∩ Adσ(c,k)Kk) is easily seen to be Poisson dif-
feomorphic to the standard Poisson quotients listed in the statement. In
the special case l = k this yields the special case of Stiefel manifolds. The
symmetry provided by lemma 12 implies that the above results hold for
l ≥ n− k.
Now we consider the remaining case. Take k < l < n − k (and hence
k 6= n/2). Then the intersection Kl ∩Adσ(c,k)Kk is given by:



A11 0 0 0
0 B11 0 0
0 0 B22 0
0 0 0 JkA11Jk



 (4)
such that the whole determinant is one and A11 ∈ U(k), B11 ∈ U(l − k),
B22 ∈ U(n − l − k). We have, then, considering that Kl ∪ J ′ generates
U(l)× U(n− l) and then applying lemma 8.
Xl,k ≃ U(l)× U(n− l)
J ′
where U(l)×U(n− l) has the product Poisson structure (of standard Poisson
U(i)’s) and J ′ consists of matrices

A11 0 0 0
0 B11 0 0
0 0 B22 0
0 0 0 JA11J


with no restrictions on determinants (hence J ′ is a Poisson–Lie subgroup of
U(l)× U(n− l)). We remark that
U(l)× U(n− l)
1× U(l − k)× U(n− k − l)× 1 ≃ V
l
kC× V n−lk C
with the product of standard Poisson structures on Stiefel manifolds on the
right. It is just a quotient by a Poisson–Lie subgroup of U(l)× U(n− l).
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The canonical embedding
1× U(l − k)× U(n− k − l)× 1 ⊆ J
of Poisson–Lie groups induces a U(l)×U(n− l)–equivariant, surjective Pois-
son map V lkC× V n−lk C։ Xl,k, with fibre U(k).
Since the actions of the subgroups 1 × U(l − k) × U(n − k − l) × 1 and
U(k) = {A ⊕ Ik−1 ⊕ In−k−1 ⊕ A : A ∈ U(k)} commute, U(k) gives a well
defined diagonal action on V lkC × V n−lk C such that the quotient map onto
its orbit space coincides with the above quotient map.
The codimension statement is can be easily verified by computation.
Remarks
1. Explicit equations in Plu¨cker coordinates for the embedded Poisson
submanifolds pσc(Kl) can be obtained as in the k = 1 case and are, at
this point, matter of direct computations.
2. When l < k or l > n− k the Poisson homogeneous spaces Xk,l are the
non standard version of the Poisson homogeneous spaces denoted by
U/K0S in [Stok], where U = SU(n) and S, subset of the set of simple
roots {α1, . . . , αn−l−1}, in su(n), is given by deleting αk−l. Such Pois-
son manifold should be compared with the standard Poisson quotient
SU(n− l)/S(U(k − l)×U(n− k− l))× 1l in the sense of understand-
ing whether the two belong to a Poisson pencil, as it is the case for
projective and Grassmann manifolds.
3. As a last remark let us consider the maximal torus T in SU(n) then
π
∣∣
T
= 0. This implies that T/(T ∩ Adσ(c,k)Kk) is a family of 0–
dimensional symplectic leaves in Grassmannians which can be explic-
itly described:
T ∩Adσ(c,k)Kk ≃ Tn−k ⇒
T
T ∩Adσ(c,k)Kk
≃ Tk
where the image of such points in the Grassmannian is given by
(t1, . . . , tk) 7→ 〈tj(
√
cen−j+1,n−j+1 −
√
1− cej,n−j+1)
∣∣j = 1, . . . , k〉 .
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